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INTEGER POINTS ON SPHERES AND THEIR 
ORTHOGONAL LATTICES 

MENNY AKA, MANFRED EINSIEDLER, AND URI SHAPIRA 
(WITH AN APPENDIX BY RUIXIANG ZHANG) 


Abstract. Linnik proved in the late 1950’s the equidistribution of in¬ 
teger points on large spheres under a congruence condition. The congru¬ 
ence condition was lifted in 1988 by Duke (building on a break-through 
by Iwaniec) using completely different techniques. We conjecture that 
this equidistribution result also extends to the pairs consisting of a vector 
on the sphere and the shape of the lattice in its orthogonal complement. 
We use a joining result for higher rank diagonalizable actions to obtain 
this conjecture under an additional congruence condition. 


1. Introduction 

A theorem of Legendre, whose complete proof was given by Gauss in 
[Gau86], asserts that an integer D can be written as a sum of three squares 
if and only if D is not of the form 4™(8/c -|- 7) for some m,k G N. Let 
D = {D G N : D ^ 0,4, 7 mod 8} and be the set of primitive vectors 
in Z^. Legendre’s Theorem also implies that the set 

§^{D) {v G : ||n||^ = d} 

is non-empty if and only if D G B. This important result has been refined in 
many ways. We are interested in the refinement known as Linnik’s problem. 

Let {x G : ||x ||2 = l}. For a subset S of rational odd primes we 

set 

B(5) = |d G B : for all p £ S, -D modp G (Fp)^} • 

In the late 1950’s Linnik [Lin68] proved that |||f||- : v G §^(i4)| equidis- 

tribute to the uniform measure on when D —)• oo under the restrictive 
assumption D G B(p) where p is an odd prime. As we will again recall in 
this paper (see equation (3.4)) the condition D G B(p) should be thought 
of as a splitting condition for an associated torus subgroup over Qp, which 
enables one to use dynamical arguments. Assuming GRH Linnik was able 
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to remove the congruence condition. A full solution of Linnik’s problem was 
given by Duke [Duk 88 ] (following a breakthrough by Iwaniec [Iwa87]), who 
used entirely different methods. 

In this paper we concern ourself not just with the direction of the vec¬ 
tor V G S^(D) but also with the shape of the lattice n in the 

orthogonal complement v^. To discuss this refinement in greater detail we 
introduce the following notation. Fix a copy of x {0} in To 

any primitive vector v G S^(D) we attach an orthogonal lattice [A^] and an 
orthogonal grid [A„] in by the following procedure. 

First, note that 

(1.1) [I? : {Zv ® K)] = D 

since primitivity of v implies that the homomorphism Z^ —>• Z defined by 
u i-A {u, v) is surjective and u 0 A^ is the preimage of DZ. Now we choose an 
orthogonal transformation ky in S 03 (]R) that maps v to ||u|| 63 and so maps 
u-*- to our hxed copy of M^. We rotate Z^ n f-*- by ky and obtain a lattice 
in which has covolume '/D by (1.1). In order to normalize the covolume 
we also multiply by the diagonal matrix a„ = dmg{D~4^D~i,D2). This 
defines a unimodular lattice [A„] in which is well defined up to planar 
rotations and so defines an element 

[A^] G A 2 S02(M) \ SL2(M)/SL2(Z). 

We will refer to [A„] as “the shape of the orthogonal lattice” attached to v. 

We may still obtain a bit more geometric information from the given 
vector V as follows. We choose a basis vi,V 2 of the lattice A^ such that 
det(ui,U 2 ,u) > 0. Choose tc G Z^ with {w,v) = 1 and let gy denote the 
matrix whose columns are vi,V 2 ,w. Note that gy G SL 3 (Z) and that the set 
of choices of gy is the coset 5 „ASL 2 (Z), where ASL 2 = {(0 1 ) b ^ SL 2 }. Also 
note that the set of choices for ky is the coset Stabgo 3 (M)(e 3 )/c„ = S 02 (M)fc^. 
As tty commutes with S 02 (K), we obtain the double coset 

[A,] = S02(M)a,fc,(7.ASL2(Z). 

It does not depend on the choices made above and belongs to the space 
T 2 S02(M) \ ASL 2 (M)/ASL 2 (Z), 

where we used that aykygy G ASL 2 (M). Elements of the form [A^] will be 
refered to as “orthogonal grids” and can be identified with two-dimensional 
lattices together with a marked point on the associated torus, defined up to 
a rotation. 

Let I'D denote the normalized counting measure on the set 
I [A,]^ : V G S2(D)| C X T 2 . 

We are interested to find A C O for which 

(1.2) Dd m §2 (g) my^ as D —)• 00 with D ^ A 
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where m §2 0 my 2 is the product of the natural uniform measures on 
and 3^2- We propose the following conjecture as a generalization of Linnik’s 
problem and Theorem 1.2 below as a generalization of Linnik’s theorem: 

Conjecture 1.1. The convergence in (1-2) holds for the subset ^ = B = 
{D : ^ 0,4, 7 mod 8}. 

Consider the natural projection tt : T 2 —>• '^2 induced by the natural map 

def 

4> : ASL 2 —)• SL 2 . Then fiD = {Id x vr)^ vd is the normalized counting 
measure on 

I [A„]^ : V G S2(Z))| C §2 X A 2 . 

Slightly simplifying the above problem we are interested to find A C B for 
which 

(1.3) fiD RT -§2 (8) rnx 2 as H —> 00 with D ^ A. 

Using two splitting conditions (see §4) we are able to prove: 

Theorem 1.2 (Main Theorem). Let F denote the set of square free integers 
andp,q denote two distinct odd prime numbers. Then the convergence (1.3) 
holds for A = B({p, q}) n F. 

Remarks 1.3. Our interest in the above problem arose via the work of 
Marklof [Mar 10] and W. Schmidt [Sch98] (see also [EMSS]), but as we later 
learned from P. Sarnak and R. Zhang, the question is closely related to the 
work of Maass [Maa56] . 

Our method of proof builds on the equidistribution on and on X 2 
(respectively on related covering spaces) as obtained by Linnik [Lin68] or 
Duke [Duk88] (and in one instance more precisely the refinement of Duke’s 
theorem obtained by Harcos and Michel [HM06]). The crucial step is to 
upgrade these statements to the joint equidistribution. To achieve that we 
apply the recent classification of joinings for higher rank actions obtained 
by E. Lindenstrauss and the second named author in [EL15]. As such a 
classification is only possible in higher rank we need to require Linnik’s 
splitting condition at two different primes. 

The restriction to square-free numbers can be avoided but appears cur¬ 
rently in our proof through the work of Harcos and Michel [HM06] , see also 
Remark 4.3. As Theorem 1.2 is assuming a splitting condition (actually 
two) Linnik’s method [Lin68] could (most likely) be used to overcome the 
square-free condition. We refer also to [ELMV09,EMV10], where the Linnik 
method is used for slightly different problems. 

Using a break-through of Iwaniec [Iwa87], it was shown by Duke [Duk88] 
that the congruence condition D G B(p) in Linnik’s work is redundant. 
In Conjecture 1.1 we expressed our belief that the congruence condition 
D G B({p, q}) in Theorem 1.2 is also superfluous. It is possible that analytic 
methods can again be used to eliminate these congruence conditions in the 
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future although it does not seem to be a straightforward matter. We refer 
to Appendix A for some findings in this direction. 

As we explain in §4.1 the equidistribution of {[A^] : v € on A 2 

follows from a (refined) version of Duke’s Theorem. In this context it is not 
clear how to establish equidistribution of {[A^] : v G §^(D)| on T 2 using the 
analytic methods. Using the methods below any such equidistribution result 
on T 2 will imply a corresponding convergence in ( 1 . 2 ) for A = D({p, ( 7 }). 

The higher dimensional analogues are more accessible. In fact working 
with spheres in ]R“* we use unipotent dynamics in [AES 14] to establish the 
equidistribution if d > 6. The cases d = 4,5 are slightly harder and need 
a mild congruence condition (namely that p \ D for a fixed odd prime p) 
for the method of [AES14]. In an upcoming paper [ERW14] of Ph. Wirth, 

R. Riihr, and the second named author the full result is obtained for d = 4, 5 
by using effective dynamical arguments. 

Acknowledgements: We would like to thank Elon Lindenstrauss, Philippe 
Michel, and Akshay Venkatesh for many fruitful conversations over the last 
years on various topics and research projects that lead to the current pa¬ 
per. While working on this project the authors visited the Israel Institute 
of Advanced Studies (HAS) at the Hebrew University and its hospitality is 
deeply appreciated. We thank Peter Sarnak and Ruixiang Zhang for many 
conversations on these topics at the HAS. 

2. Notation and organization of the paper 

We hrst fix some common notation from algebraic number theory: Let 
Vq be the set of places on Q containing all primes p and the archimedean 
place 00 . Let Zp denote the p-adic numbers and for S' C Vq we let Q 5 = 
OpeS Qp be the restricted direct product w.r.t. the compact open subgroups 
Zp. Finally, we set Aj = nieVoRoo} ^ = ripePQRoo} and Z^ = 
*[{5 : p £ S \ { 00 } |]. Recall that Q = Z^o is a cocompact lattice in the 
adeles A = Q\/q. The letter e with or without a subscript will denote the 
identity element of a group which is clear from the context. 

A sequence of probability measures pn on a measurable space X is said 
to equidistribute to a probability measure /r as n —)• 00 if the sequence 
converges to p in the weak* topology on the space of probability measures 
on A. A probability measure p is called a weak* limit of a sequence of 
measures pn if there exists a subsequence (n^) such that pn^. equidistribute 
to p as k ^ 00 . 

Given a locally compact group L and a subgroup M < L such that L/M 
admits an L-invariant probability measure, it is unique and we denote it 
by PnijM and call it the uniform measure on L/M. Finally, the letter vr 
(with or without some decorations) is used to denote various projection 
maps whose definition will be clear from the context. E.g. if M < L are as 
above and K < L is a compact subgroup, there is a canonical projection 
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map vr : L/M —)• K\L/M and we will still refer to as the uniform 

measure on K\L/M. 

We now give an overview of our proof of Theorem 1.2 and discuss the 
organization of the paper. In §3, we establish that the convergence (1.3) 
follows from an equidistribution of ’’joined” adelic (or S'-adic) torus orbits 
on a product of two homogeneous spaces. In §4.1, we use Duke’s Theorem 
(resp. [HM06]) to deduce that these orbits equidistribute to a joining (see 
§4 for the definition). Then, in §4.2 we show that this joining must be the 
trivial joining. This will imply Theorem 1.2. 

3. Joined Adelic, S'-adic and real torus orbits 

In this section we show that Conjecture 1.1 and Theorem 1.2 follow from 
the equidistribution of a sequence of “adelic diagonal” torus orbits on a 
product of homogeneous spaces. We first explain this connection for Con¬ 
jecture 1 . 1 , involving a homogeneous space for ASL 2 . 

Let Gi = SO 3 , G 2 = ASL 2 and G = Gi x G 2 , Gj = Gj(M), T^ = Gj{Z) for 
j = 1,2 and G = G(M),r = G(Z), K = S02(M) and fix u G §‘^{D),D G B 
throughout this section. We wish to identify K\Gi = so we let k £ Gi act 
on by the right action [k, u) 1 —)• k.u = k~^u; we find it simpler to think of 

as row vectors and use the definition [k, u*) e-)• k.u^ = u^k. Note that this 
defines a transitive action satisfying K = StabG'j(e 3 ). Recall the definition 
of Qv, kv, a„, [A^] from the introduction and note that = ||u||~^ u*. 

Let S^/Ti and S^(Zl) S^(Zl)/ri and v = u^Ti and set [Av] = 

[A^] which is well-defined as [A..^,^] = [A^] for all 7 G Ti. The map v G 
S^(D) I— )• G is also well-defined. It follows that the following double 

coset 

(3.1) K X K {k^ , Tr x r 2 

represents the pair 

(^^,[Av]) GS^ xT 2 . 

Note that all the measures appearing in equation (1.2) (resp. equation 
(1.3)) are Ti-invariant so if we consider their projection i/jj (resp. ^d) of uu 
(resp. //d) to x T 2 (resp. x AI 2 ) we have that the convergence ( 1 . 2 ) is 
equivalent to 

(3.2) I'Dm ^2 0 my^, D ^ 00 , D £ A 
and the convergence (1.3) is equivalent to 

/o o\ weak-* ^ ^ T~\ A 

(o.oj fiD — m^2®mx2-,^^OQ^D^A. 

Roughly speaking, integral orbits on the Z-points of a variety admitting a 
Z-action of an algebraic group P may be parametrized by an adelic quotient 
of the stabilizer. E.g., as we will see below, Ti-orbits of can be 

parametrized as an adelic quotient of the stabilizer of v. The interested 
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reader may consult [EV08, §3], [EMVIO, §6.1] and [PR94, Theorem 8.2]. 
The novelty here is that we consider a “joint parametrization” and combine 
this with a recent work of the second named author with E. Lindenstrauss 
[EL15]. 

More concretely, consider the above right action of Gi on K \ Gi = 
and set Stab(Gj(n). The group is defined over Z C Q as n G Z^. 

Naturally, feT^Stabci (es) kv = k~^Kkv = 

In the proofs below we will frequently use the ternary quadratic form 
Qoi{vi,V2,V3)) = + = ll(ni, ^ 2 , ps)!!! for ivi,V 2 ,V 3 ) belonging to 

or one of its completions. The following lemma explains the congruence 
condition D G D(p). 

Lemma 3.1. Let n G Z^ and D = Qo{v). We have that 

(3.4) — D = for some x € 'Zp ^ ]HIt,(Qp) is a split torus. 

Proof. Let wi,W 2 be a basis of the orthogonal complement of v within Q^. 
Notice hrst that ]HI„(Qp) = SO(aX^ + bXY + cT^), where a = Urci]]^ ,c = 
||w^ 2 ll 2 !^ = 2 (u;i,rc 2 ). The determinant of the companion matrix of Qo 
w.r.t. the basis v,wi,W 2 is 1 up-to (Qp )^, that is, D{ac — G (Qp)^. By 
the assumption on D, —G (Qp)^ so 6 ^ — 4ac G (Qp which shows that 
aX"^ + hXY + cY^ is isotropic over Qp. This implies the lemma. □ 

Similarly, consider the action of G 2 on K \ G 2 and note that 
Stab(72— 9v XOyk^Qy — IHI^(M)^ 2 ,. 

Dehne the “diagonally embedded” algebraic torus by 
L„(ii’) := {[h,gf^hgy) : h G 

for any ring R. It is defined over Z C Q as so is and g^ G SL 3 (Z). 

In what follows we consider projections of an adelic orbit onto S-arithmetic 
homogeneous spaces. In order to dehne these projections note that Gi and 
G 2 have class number one, that is, for j = 1,2 and for any T C Vq \ { 00 } 
we have 

(3.5) G, ( H Zp) G,- (Z^) = G, (Qt) ■ 

p&T 

Indeed, for Gi see [EMVIO, §5.2] and for G 2 it follows from the same, well- 
known (see [PR94]), assertions for the simply-connected algebraic group SL 2 

and for G^. This implies that for { 00 } C S C S' C Vq, if we let X? 

Gj(Q 5 )/Gj(Z'^), X^ Xf X Vf we have a well-dehned projection map 
'^S',S ■ -t X^. The map 715/^5 is given by dividing by Gdlpe^'VS^p) 
from the left and using (3.5). Now, consider the following adelic orbit 

:= [ky,ef,aykygy,ef)hy{A)G{Q) c 
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where e/ denotes the identity element in Gj(Z) for j = 1, 2. Fix {oo} C 5 C 
Vq and set Of) '^Vq,s {off) and where is the 

uniform measure on this orbit. Although strictly speaking Of, depends on 
V we omit v from the notation as we will see below that it will not play a 
crucial role. 

We now describe O^. Take a complete set of representatives My C 
]HI^(Aj) for the double coset space 

H,(M X Z) \ H,(A)/]H„(Q) ^ H,(Z) \ H,(A/)/H,(Q), 

which is finite by [PR94, Theorem 5.1]. For h G using (3.5) we decom¬ 
pose h = ci(/i) 7 i(/i)“^ and g~^hgv = C 2 {h)'^ 2 {h)~^ with 

(3.6) Cj{h) G Gj(Z),7j(/i) G Gj(Q), j = 1,2. 

def 

We will use the abbreviation 0;^ = {{k,k) k ^ K). Moreover, let us write 
Oh &K{kv-fi{h), aykygy'y2{h))G{Z) 

for h G My. 

Proposition 3.2. Let p : G/F —)• (K x K) \ G/F be the natural projection. 
Then, 

(1) o^ = Uh^M.Oh. 

(2) For any h G My the orbit Oh projects under p to a single point in 
supp(pd)- Moreover, the correspondence h e-)- p{Oh) is a bijection 
between My and supp(pd)- 

(3) p*{poo) = ^D- 

Proof. (1) Using the set My of representatives we can write Of as a disjoint 
union of L^(M x Z)-orbits: 

Od= U {ky , Cj , ClykyQy , (M X (6oo ; ; gy ^hgy)G{Q). 

h&Mv 

Decomposing each h G My and gf^hgy as in (3.6) and using that 
(7i(/i),7i(^),72(/i),72(/i)) e G{Q) 

we arrive at 

C’d = 1_| {ky,ef,aykygy,ef)'Ly{RxZ){'yi{h),ci{h),-f2{h),C2{h))G{Q). 

heMv 

Recalling that {oo} is given by dividing by G(Z) from the left we get 

(3.7) 0 ^= □ (fe„a„M.)U(K)(7i(/i),72(/i))G(Z). 

heMv 

As G(Z) n 'Ly{Af) = L„(Z) this is indeed a disjoint union. Noting that 
&K = (ky, aykygy)]Ly{R){kT^, {aykygy)~^) we arrive at (1). 
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(2) We analyze p{Oh) for h £ My. We first concentrate on the Gi com¬ 

ponent. Identifying K \ Gi/Ti = we claim that h ^ Kky'^i{h)Ti is a 
well-defined bijection between My and the set Indeed, it is shown in 

the proof of [PR94, Theorem 8.2] that under the above identification, (p is 
well-defined bijection between My and the set of all w £ S^(D) such that for 
all primes p there exists gp £ Gi(Zp) with pp.v = w for some n £ v, tc £ w 
(where one uses the facts that Gi has class number 1 and that by Witt’s 
Theorem Gi(Q) act transitively on S^(T>)). Now, by [EMVIO, Lemma 5.4.1] 
the latter holds for any w £ S^(D), so (p is in fact a bijection from My to 
S^{D)\ 

To conclude the proof of ( 2 ) we show that if the first coordinate of p{Oh) is 
u then the second one is [Au]. Let h £ My and denote jj = 'yj{h),Cj = Cj{h) 
for j = 1,2 so that = &K{kv'yi,aykygy'y 2 )Ti x r 2 . Note that 63 / 0^71 = 
n* 7 i = ( 7 ]”^n) • We denote u = 7 ]~^n. We need to show that 

? 

(3.8) Kaykygy^2^2 = [A«] = KaukugvX'2- 

To see this note first that ay = and that ky^i is a legitimate choice 
of ky With these choices, (3.8) (using the identity element of K on both 
sides) will follow once we show gu^Ji^gv72 G r 2 - The element gu^'Ji^gvj2 
is certainly a determinant 1 element which maps to itself. Furthermore, 
the third entry of its third column is positive by the orientation requirement 
in the definition of gy and gy Therefore, it will be enough to show that this 
element maps to itself. Using that Z = ZnQcAj, we can see this as 
follows: 

D = g~^cp;^{ci-fP;^)gy{-f2C2^)c2l‘^ = 

= 9u^c^^hgygy^h~^gyC2Z^ = g~^gyC2l,^ C Z^. 

(3) Recalling that po'g = (^Pq,oo)*(/^c>a ), we see that is con¬ 

trolled by 

9v^kgy)G{<^)) 

which is independent of h as is commutative. This together with (2) 
shows that p*{po^) is the normalized counting measure on its support. To 
show the same statement for ud we need to show that |Stabri(A'fc„ 7 i(/i))| is 
independent of h. For large enough D this is clear since Ti is finite and every 
nontrivial 7 £ Ti fixes only two integer primitive points. The remaining 
cases can easily be checked (and are not really important for us). □ 

3.1. Prom ASL 2 to SL 2 . Let us momentarily (see Remark 3.4) denote 
G 2 = SL 2 and let Xf, , be the analogous objects to the ones 

J Xj 

defined above. Note that G 2 also has class number 1 . Simplified version of 

^Strictly speaking this is not needed but slightly simplifies the argument in §4.1.1 (cf. 
the higher dimensionsal case in [AES 14]). 





INTEGER POINTS AND THEIR ORTHOGONAL LATTIGES 


9 


the discussion above implies analogous results for these analogous objects. 
In particular we have: 

Corollary 3.3. In order to establish the convergence (3.3) for a subset 
A C N, it is enough to show that for some {oo} C S, equidistribute to 
® when D —)■ oo, D & A. 

Remark 3.4. Since in the rest of the paper we will only prove results regard¬ 
ing SL 2 and in order not to burden the notation we change the notation 
introduced above and denote the objects related to SL 2 without the over¬ 
line. For example, from now on, G 2 = SL 2 . 

4. Duke’s Theorem and Joinings 

Choose any two distinct odd prime numbers p, q and define Sq = { 00 ,p, q}. 

Let p be a weak* limit of ( u^Sn ) and let tt,- : X^° —)• 

\ Wjj J Z)6B({p,q})nF ^ 

denote the natural projections for j = 1,2. Corollary 3.3 reduces the proof 

of Theorem 1.2 to the statement that p = //„so ® hvSo- Roughly speaking, 

the latter will be obtained in two steps: the first, which relies on Duke’s 

Theorem, is to show that (vrj)^p = p^so for j = 1,2. The second uses 

[EL15] to bootstrap the information furnished by the first step to deduce 
that p = ® (and it is this final step that requires the splitting 

condition at two places). For both steps (but mainly for the second step) 
we will need the following preliminary lemma: 

Lemma 4.1. Let rj be a weak * limit as above. There exist 0 / Up € 0 7 ^ 

Vg G Zq and gp G SL 3 (Zp),pq G SL 3 (Zg) such that p is invariant under a 
diagonalizable subgroup of the form 

(4.1) T = (^(^hp,hq, Pp hpPp^gq hqPq) : {hp,hq) G IHIijp(Qp) x ]HIt,^(Qij)} . 

Furthermore, ]H1„^(Q£), i = p,q are split tori, and so IHI„p(Qp) x ^^^(Qq) 
contains a group isomorphic to 1? which is generated by an element Op G 
BIt,p(Qp) with eigenvalues p, l,p“^ and an element Oq G IH[t,^(Qq) with eigen¬ 
values q, 1, q~^. 

Proof. By Hensel’s lemma any vector vd with D G B(5o) has the property 
that D = Qoivo) £ “(^£ )^ for ^ = PiQ- Moreover, g^^ G SL 3 (Z£) for any 
prime i. We assume that p is the weak* limit of p„so and let vd^ denote 

the integral vector defining the orbit . 

For any prime £, Z| and SL 3 (Z^) are compact sets. Thus we may choose a 
subsequence or, to simplify the notation, simply assume that {vd„) converges 
in Zp to the vector Vp, in Z^ to Vq, (pdo„) converges in SL 3 (Zp) to Pp, and 
in SL 3 (Zq) to Qq. Note that admits a description, which is simliar to 
Proposition 3.2(1), as a union of @k x (Q{p^g})-orbits. In particular 
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is (Q{p ,j})-invariant. It readily follows that rj is invariant under 

Dn 

the group appearing in (4.1). 

For the second assertion note that is the (split) orthogonal group of 
the quadratic form and that Qo{vi) G — (Z^)^ for i = p,q. Here 
is the isotropic (see the proof of (3.4)) quadratic form on the orthogonal 
complement of ve G The last assertion follows since Gi(Qf) = PGL 2 (Q£) 
for i = p,q and any split torus is conjugated to the diagonal group. □ 

4.1. Two instances of Dnke’s Theorem. In this section we prove the 
following proposition (which would hold for any S with oo G 5): 

Proposition 4.2. For j = 1,2 let denote the normalized probabil¬ 
ity measures on 7rj{Ofj). Then pi^n equidistribute to p^sq when D ^ oo 

'^3 

with D G B({p, 5}) n F. In particular, (tt^)^ p = p So for j = 1,2. 

^3 

Both cases are special cases of the so-called Duke’s Theorem [Duk 88 ] and 
its refinements [HM06] (cf. [MV06] where Theorem 1 there corresponds to 
j = 1 and Theorem 2 to j = 2). 

4.1.1. Proof for j = 1. As we wish to show equidistribution on the So-adic 
space, we will use the formulation in [ELMVll, §4.6], with G = Gi = SO 3 
being the projectivized group of units in the Hamiltonian quaternions. 

Let phea weak* limit of a subsequence of pi^D- Lemma 4.1 implies that p 
is invariant under a product of two split tori T = TpXTg C Gi {Qp) x Gi (Qq). 

By [ELMVll, §4.6] p is also invariant under Gi(Q 5 g)''' n^Gi(Q 5 Q)^ 

where H : Gi —>• Gi is the natural morphism from the simply-connected 
cover of Gi. We will be done once we show the following claim; Gi(Q 5 q) is 
generated by Gi(Q 5 p)''' and T. To this end, note that Gi(M) —)• Gi(M) is 
surjective and so by [PR94, §8.2] there exists a homomorphism T mapping 

the group Gi(Qso)/Gi(Q 5 o)+ to S =' (Qp)' x / {Q^)\ Further¬ 
more, under the natural isomorphisms Gi(Q^) = PGL 2 (Q£), I = P,q, the 
coboundary map T is nothing but the determinant map. With this it is 
easy to verify that the torus T is mapped surjectively onto S. Hence the 
proposition follows for j = 1 . 

4.1.2. Proof for j = 2. In this case, equidistribution follows from a subtler 

argument. For more details on the classical number theory constructions 
we are considering below see [Goh93, §5.2]. Recall that a binary quadratic 
form q = -|- bXY cY‘^ over Z is called primitive if (a, 6 , c) = 1 and 

that disc(g) b^ — 4ac. Primitivity and discriminant are stable under the 
usual SL 2 (Z)-equivalence. Let Bin^ = {[ 9 ] : disc(g) = L} denote the set 
of primitive positive definite binary quadratic forms of discriminant L < 0 
considered up-to SL 2 (Z)-equivalence. Finally recall that a number is called 
a fundamental discriminant if it is the discriminant of the maximal order in 
a quadratic field. 
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Claim 1. Let v G \i D = 1,2 mod 4 then the two dimensional 

quadratic lattice + 2^) defines an element in Bin_ 4 i:). If 

D = 3 mod 4 then (A„, + 2/^ + defines an element in Bin_£). 

Proof of Claim 1. The possible choices for an oriented basis of A„ give rise 
to the SL 2 (Z)-equivalence of binary quadratic forms. For calculating the 
discriminant and show primitivity, we choose ui, V 2 as in the introduction as 
a Z-basis for A„ and define to be the quadratic form (A.y, + 2/^ + 

with respect to this basis. That is, = aX'^ + hXY + cY^, where a = 
{vi,vi), b = 2 {vi,V2), c = {v2,V2)- It follows from Equation (1.1) that oc — 
^ = H or disc(Q^) = —4Z1 < 0. By construction Qy is positive dehnite. 

We will show that if = 3 mod 4 then 2|a and 2|c. Indeed, if 4 f 6 the 
equation ac — ^ = D implies that ac is divisible by 4. The claim follows 
since a and c are sums of three squares so if 4|a or 4|c we will have a contra¬ 
diction to the primitivity of the vectors vi or V 2 - If 4|6 then oc = 3 mod 4. 
So without loss of generality we may assume that o = 3, c = 1 mod 4. This 
implies that all the coordinates of vi are odd and exactly two of the coordi¬ 
nates of V 2 are even. But then | = {vi,V 2 ) is odd, which is a contradiction. 
Primitivity of Qy (resp. ^Qy for D = 3 mod 4) and the last statement of 
the claim follow since for H G F we have disc(Q^)= disc(Q(\/~T)) (resp. 
disc(^Q^)= disc(Q(\/~T)) for D = 3 mod 4), which implies the claim^. □ 

Due to Claim 1 we always set L = —4ZI if D = 1, 2 mod 4 and L = —D 
\i D = 3 mod 4. Recall that A ’2 — r 2 \B[ by sending KgT 2 to T 2 g~^-i G r 2 \ 
H, where the action on z G H is given by the regular Mobius transformation. 
For a G Bin^ choose a quadratic form q such that a = [g] and we denote 
by Zq the unique root of q{X, 1) belonging to the hyperbolic plane El and by 
Zg its F 2 -orbit. li q = \Q (c.f. the case D = 3 mod 4 above), we may use 
the polynomial q{X, I) or Q{X, I) and obtain the same root — we may also 
write Zq for the F 2 -orbit of the root. Finally, we define = Zg and note 
that this definition does not depend on the choice of q (within the F 2 -orbit). 

def 

The set of Heegner points of discriminant L is PLl = {zq, : a G Bin/,}. 
Claim 2. Under the isomorphism X 2 = F 2 \ H described above we have 

'^qv — 

Proof of Claim 2. This follows from a straightforward calculation which is 
crucial to the argument, so we carry it out in details. Recall that (p : ASL 2 —5- 
SL 2 denotes the natural projection and let My = <f>{aykygy). The claim will 
follow once we show that Mf^-i = zq^ where Qy is the quadratic form 

w.r.t. the basis vi,V 2 used to define gy. To this end, let A^^ = be the 

matrix whose columns are the hrst two entries of the vectors kyVi, kyV 2 G M^. 

^The argument from [AES14, Lemma 3.3] could also be used to prove primitivity 
without the assumption DCF. 
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As scalar matrices act trivially as Mobius transformations, the action of a„ 
may be ignored and also the cases D = 3 mod 4 and D = 1,2 mod 4 may 
be treated uniformly. In other words, it is enough to show that N~^.i = zq,,. 
By the definition of k^, the third entries of kyVi, kyV 2 G are zeroes, so we 
have the following equalities: + 7 ^ = ||ui||^ = a, + (5^ = ||u 2 |p = c and 

afi + 7(5 = (ui,U 2 ) = I and finally by ( 1 . 1 ) that det A'.y = ad — Pj = y/D. 
The claim now follows since 


— 7 f + a 


It is well-known [Coh93, 5.2.8] that Bin^, and therefore also Hl) is 
parametrized by Pic(i?L)j the class group of the unique order Rl C 

Q{y/—D) of discriminant L. By Claim 1, in both cases (regarding the defi¬ 
nition of L in terms of D), is the class group of Q{y/—D). 

Let 

(4.2) VD = {z,,,:veS^{D)}cnL. 

Another instance of Duke’s Theorem (see [MV06, Theorem 2]) implies that 
Rl equidistribute on r 2 \ H when D—:>oo, DeDCF. 11 Vl would always 
be equal to Rl, we could conclude in the same way as we did in the case 
j = 1 above (e.g. using [ELMVll, §4.6]). However, this is not always the 
case by the following claim. 

Claim 3. Let be the subgroup of squares vuCd- Under the above men¬ 
tioned parametrization ol Rl in terms of the class group Cd the set Vd 
corresponds to a coset of C‘j^ < Cd- We further note that \C]j\ x 
(and Cjj = Cd if D is a prime). 

Proof. This is shown in [EMVIO, §4.2] as we now explain. Fix D G FnD. As 
explained in [EMVIO, § 6 ], and in fact is proven implicitly in Proposition 3.2, 
the set S‘^{D) is a torsor^ of Cd- Also, Bin^ is naturally a torsor of Cd- Note 

def 

that a-v = [(?,;] G Bin^, for u G v is well-defined. It is shown in [EMVIO, §4.2] 
that under these torsors structures, for any 7 G Cd, v G EP{D) we have 

a^-Y — 7 .CTv 

Thus, it follows that the image of the map v i-A ccv in the torsor Bin^, corre¬ 
sponds to a coset of C|j. Thus, the same is true for Vd = {'^q^ • v G S^(D)}, 
which is the corresponding image in Rl- 

It is well-known [EMVIO, (1.1)] that Cd, S^(Zl) and Rl are asymptotically 
of size Zl 2 +°d). Gauss’ genus theory [Cas78, Chapter 14.4] tells us that 


4 + iy/D 


— b + yJ—AD —b + y/b"^ — 4ac 


2a 


2 a 


= ZQv 


□ 


torsor of a group G is a set on which G acts freely and transitively. 
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[Cd ■ Cjj] = ^ where r{D) is the number of distinct primes dividing 

D. Thus we also have |C|)| = \Vd\ -D 2 +°(i). □ 

We can now establish the desired equidistribution on ■ Recall from 
Proposition 3.2 that = ^D- Let 712 also denote the projection 

from X°° to and let tt^ denote the projection from to K\X^ = AI 2 . 
By Claim 2 we further get that {ttk o 7r2)*z/_D can be identihed with the 
counting measure on Vd C T 2 — r 2 \ IK- 

Therefore, the equidistribution of (vrx o P 2 ,d on T 2 is equivalent 

to the equidistribution of ^* 7:1 on T 2 . The equidistribution of such subsets, 
that is, subsets corresponding to cosets of large enough subgroups was estab¬ 
lished by [HM06, Theorem 6] (see also [Har, Corollary 1.4]) when 44 —)• 00 
along BnF. This equidistribution comes in fact from a corresponding adelic 
statement. Since SL 2 is simply-connected (and in particular has class num¬ 
ber 1) the desired S'-arithmetic equidistribution for j = 2 follows from the 
proof of [HM06, Theorem 6]. □ 

Remark 4.3. The only instance in which we use the assumption that 44 £ F is 
in the application of [HM06, Theorem 6]. Nevertheless it is known to experts 
that [HM06, Theorem 6] holds without the assumption that 44 £ F, but such 
statement does not exist in print. A general adelic statement that will work 
for all discriminants is planned to appear in an appendix by Philippe Michel 
to an upcoming preprint ([?AKA3]) of the hrst named author. 

We also remark that as we assume the congruence condition 44 £ ©(So) 
both equidistribution statements , i.e. for and P 2 ,D, may be deduced 
from the so-called Linnik’s Method (as it is done in slightly different con¬ 
text in [ELMV09, EMVIO], see in particular [ELMV09, Prop. 3.6 (Basic 
lemma)] which only cares about the asymptotic size as in the last statement 
of Claim 3). 

4.2. Joinings. From Proposition 4.2 we know that (tt^)^ 7] = /i„so, j = 1, 2 

and that rj is a probability measure as 712 has compact fibers and rj{X^°) = 
/i So(A^°) = 1. Furthermore, by Lemma 4.1 77 is invariant under the group 
T that appears in (4.1). This means that r/ is a joining for the action 
of T on the product space x Our goal, which is to show that 

7] = /i„So (8) will follow from [EL15, Theorem 1.1]. Roughly speaking, 

it is shown there that a joining for a higher rank action (this is the reason we 
insist on Sq to contain two primes) is always algebraic. As Af is compact 
and X 2 is non-compact, the only algebraic joining is given by the trivial 
joining. Below we will expand this argument in greater detail, where we 
will be more careful regarding the precise assumptions of [EL15, Theorem 
1.1]. To satisfy these assumptions we need to reduce to the case where 
unipotents act ergodically, where we have a diagonally embedded action of 
7? by semisimple elements, and where the joining is ergodic. The precise 
dehnitions will be given below. 
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We fix some ad-hoc notation for this proof. Let x 0^° and 

r5o = pSo X p5o qSo ^ Gj{Qs^) and Vf = Gj{Z^°) for j = 1,2. 

Finally let = Gf x G^^ where Gf = Gi(Q 5 o)’'' is the (normal) open 
group defined in §4.1.1. Using G~^ we decompose into finitely many 

disjoint G+-orbits G^{gr,e)T^°, r € i? for some gr e Gf° and an 

index set R. 

By Proposition 4.2 for j = 1 we know that 
(4.3) g{Xr) = /i^5o(G+ff,rf°) = g^soiG+igr,e)T^°) > 0. 

for all r G R. Now fix some r £ R and define the probability measure 
r?(x ) ^lxr- It follows that 


(vri)^ gr = 


def 


1 


l^xfo 


G+grVfo ’ 


where we may identify the latter with the normalized probability measure 
„So -iv Also note that {'K 2 )^gr = g^So, that G+ Pi Gi(M) = 

'-'1 / (^1 ' '3 ri I 9 r J ^2 

Gi(M) is connected, and that G^ H Gi(Q{p^g}) and are generated by 
one-parameter unipotent subgroups (see e.g. [BT73, §6.7]). Furthermore, 

G^ (resp. G2°) act ergodically on the quotient G^ / n (resp. 

on X^°) with respect to their uniform measure. This establishes one of the 
assumptions in [EL15, Thm. 1.1] — in the terminology of [EL15] the quo¬ 
tients Gf / n are “saturated by unipotents”. 

Let 

A = {(ai(n),a 2 (n)) : n e Z^} < G(Q{p,q}) 

be a subgroup isomorphic to as in Lemma 4.1. By construction 02 (n) = 
(gp^,gg^)ai(n)(gp,gg) for all n S Z^. Then, by Lemma 4.1 we have that 
g is invariant under A and that a(n) = (ai(n), 02 ( 11 )) defines for n S Z^ 
a “class-^' homomorphism”, in the terminology of [EL15]. Eix r £ R. 
As Gf has finite-index in Gf°, it follows that there exists a finite-index 
subgroup A < Z^ (again isomorphic to 7?) such that gr is invariant under 
B = a (A). The restriction of a to A is also of class-Ah This establish 
another assumption of [EL15, Thm. 1.1]. 

In general gr may not be B-ergodic, but a.e. ergodic component gr^r 
(with r belonging to the probability space giving the ergodic decomposition) 
will now satisfy all assumptions in [EL15, Thm. 1.1]. In fact gr^r is an ergodic 
“joining for the higher rank action of B = o(A)” and we may conclude 
that gr^T is an algebraic joining. I.e. gr^r is the Haar measure on a closed orbit 
of the form gr^rAiV where M is a finite index subgroup of a Q-group M < 
Gi X G 2 which projects onto Gj for j = 1,2. However, as both Gi and G 2 
are simple Q-groups whose adjoint forms are different over Q we obtain M = 
Gi X G2 and that gr t = gi® g^so (for more details, see the comment after 
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[EL15, Theorem 1.1]). Using (4.3), it now follows that r} = fi Sq <8) as 

Ai X2 

we wanted to show. 


Appendix A. the Associated Dirichlet Series 
By Ruixiang Zhang 

In this appendix, we look at a sum related to the study of the equidistri- 
bution in Theorem 1.2, and explain some facts about them from the scope of 
classical analytic number theory. Theorem 1.2 has high dimensional twins, 
but we will concentrate on the theory in dimension 3, since we already saw 
that this is the most interesting dimension. Parallel theories have been 
developed in the references for higher dimensions. 

Let H be the usual upper half plane. Take (j) on X 2 = SL(2, Z) \ HI to 
be a constituent of the spectrum decomposition, which can be a constant, 
a unitary Eisenstein series or a Maass cusp form, and then take a spherical 
harmonic cj on Assume k is the degree of the polynomial oj. We form 
the following Weyl sum for each positive integer n: 

(A.l) S{n,uj,(j))= ^ a;(-|^)())(zv). 

Here z-v G T \ El is defined as the following: Let the plane 6v be the 
orthogonal complement (with an orientation given by v) of v and Lv the 
lattice consisting of all the integer points on 6v. The shape of Lv corresponds 
to a point Zy, G T \ H in the usual sense. In other words, Zy, in this appendix 
will denote the Heegner point attached to v (previously defined by Zg^ in 
§4.1.2). 

The motivation of this sum is the joint equidistribution Conjecture 1.1 
in the paper. By a standard harmonic analysis argument (see the end), the 
pairs (||^,Zv) are jointly equidistributed if this sum, divided by the total 
number of v’s, tend to zero (in some quantitative fashion) when either oj or 
(j) is nontrivial. 

As the hrst part of the appendix, we show that (A.l) is familiar to num¬ 
ber theorists. In fact, this sum S{n,uj,(j)) can be interpreted as the n-th 
coefficient of the Dirichlet series obtained by taking the special value at 
the identity of a maximal parabolic Eisenstein series on SL(3,Z) \ SL(3,M) 
formed with respect to (p and u. We now explain this correspondence and 
will state it as Theorem A.l. 

In G = SL(3,M), let the discrete subgroup T = SL(3, Z). Take a maximal 
parabolic subgroup P C G to be 


(A.2) 



According to the Langlands decomposition, we have G = MANK where 
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Let 

(A.3) 


M 


* * 0 \ 1 
* * ^ I r ’ 

0 0 i/J 




( a--^ 

0 

0 


II 


0 

0 

1 

, O > 0 > 


< 

^ 0 

0 02 y 



N = 



K = SO(3,M). 



For an arbitrary g ^ G we can decompose it into 


9 = m{g)a{g)n{g)k{g),m{g) G M, a{g) G A, n{g) G N, k{g) G K. 

This decomposition may not be unique. However, it is easy to see that a{g) 
is unique, the bottom row v(g) of k{g) is unique. By abuse of notation we 
will use uj{k{g)) to denote uj{v{g)), and use a{g) to denote the bottom right 
entry of (the matrix) a{g). Moreover, <j){m{g)) is well defined. It is also 
easy to verify that u}{k{g)), a{g) and 4>{m{g)) are invariant under the left 
multiplication by any element in Too. 

Therefore, for any g ^ G, we form the sum 


(A.4) E{s,g,u,(p)= uj{k{'yg))(j){m{'yg))a{'yg) 

HePocVr 

which is the maximal parabolic Eisenstein series we mentioned above. 

Since all elements in T have integral entries, when evaluated at the identity 
g = I, this series E{s,I,uj,(j)) become a Dirichlet series We have 


{A.5) a„ = uj{k{'yg))(t){m{'jg)). 

[7]Groo\r: the third row of 7 has length ^/n 

We see some similarity between the summands of and Ac¬ 

tually we have the following 


CLn — 


Theorem A.l. 

(A.6) 


S{n, uj, (f>). 
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Proof. First, note that all the primitive integer vectors of length y/n have 
a natural 1-1 correspondence to the last rows of 7 that have length y/n, 
where [ 7 ] € Too \ F. Thus with a primitive integer vector v = (a,b,c) of 
length y/n we associated 1 summand in both sides. It suffices to show that 
both summands associated with v are the same. It is obvious that the uj 
parts agree. We must show that the (p parts also agree. This is elementarily 
equivalent to the following statement: for the vector v, the following two 
lattices have the same shape: (a) n v*- and (b) the projection of onto 
v-*- (which are both easily seen to be lattices of rank 2 ). 

We now prove that for any vector w G Z^ n v*-, there exists an integer 
vector u such that w = v x u. In fact, we can assume w = {f,g,h) and 
without loss of generality assume that c 7 ^ 0. Then we must find integers 
r, s, t such that f = bt — cs, g = cr — at, h = as — br. Note that by assumption 
we have af + bg + ch = 0. We deduce gcd( 6 , c)|a/. Since (a, b, c) is primitive, 
we have gcd(a, gcd( 6 , c)) = 1 and thus gcd( 6 , c)|/. Hence we can choose t 
such that c\f — bt. In this situation c|a/ + bg — a{f — bt), or c\b{g + at). 
Hence we can change t by a multiple of if necessary, to make both 

c\f — bt and c\g + at. Now we just set s = r = 3^^, It is then easy to 
deduce h = as — br hy the fact that af + bg + ch = Q. 

By the last paragraph, the entire lattice (a) is the cross product of the 
lattice (b) and the vector v. Hence they have the same shape and the 
theorem is proved. □ 

It is not surprising that one could use the Dirichlet series E{s,I,u},(j)) to 
study the analytic properties of the Weyl sum an, which would be naturally 
required if one wants to remove the congruence conditions of Theorem 1.2 
and prove Conjecture 1.1. 

To address the problem, we need a good estimate for all individual coef- 
hcients a^. The work of Gauss (see e.g. [Ven70] for a nice account) shows 
that the total number of summands in is given by the following theorem. 

Theorem A.2 (Gauss[GM89]). Given an integer n > 3. The number of 
coprime integer solutions {x, y, z) to the equation n = + z‘^ is 12h 

for n = 1,2 mod 4, and is 24/i' for re = 3 mod 8 , where h and h' are 
the number of properly and improperly primitive classes of positive forms of 
determinant —re. 

By Siegel’s theorem together with Dirichlet’s class number formula (see 
[Dav67]), h and h' re 2 “^, and are usually around rez (with an arbitrary 
small error on the exponent). So we would like to have a power saving from 
the exponent | for all a„. 

Remark A.3. We note that it suffices to consider even forms w and (p. Oth¬ 
erwise it is obvious that an = 0. We assume this is the case for the rest of 
the discussion. 
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It is still not clear how to do this in the greatest generality. But there have 
been partial results. Part of the following brief account already appeared 
in §4.1 but we recall it once more for the reader’s convenience. In the 
special case (/> = !, this reduces to a situation that could be treated with 
Iwaniec’s celebrated estimation of Fourier coefficients for half-integral weight 
holomorphic modular forms [Iwa87], as the series become a theta series. For 
the case u = 1 again by the work of Gauss [Ven70] we know we are summing 
the 4> over a certain genus of quadratic forms of determinant —n. If we 
pretend that we are summing over all the quadratic forms (CM points), this 
can be settled using Duke’s generalization of Iwaniec’s argument to non- 
holomorphic forms [Duk 88 ]. Using Waldspurger’s formula and subconvexity 
the power saving for the real problem is also known [HM06]. 

For general cj) and cj, the connection of the series E{s, I, ui, (p) to modular 
forms is still mysterious and we currently do not have the desired power sav¬ 
ing. Nevertheless, since it is a specific value (meaning for the fixed g = I) oi 
an Eisenstein series, the analytic continuation and the functional equation 
are known (see e.g. [Ter82]). Interestingly, Maass, when originally dealing 
with this very equidistribution problem (but in the ball, not on the sphere), 
also deduced these analytic properties [Maa59] [Maa71]. The following the¬ 
orem could be easily derived from Maass’s work in [Maa71] (see Chapter 
16). 

Theorem A.4. Let E{s,io,<p) = E{s,I,u},(p)A*{s,(j)). Then is 

holomorphic on C except for a possible pole at s = ^. The pole exists if 
and only if both oj and cp are trivial. Also 'E(s,u},(p) satisfies the functional 
equation 

3 

(A.7) E{--s,uj,cp) = E{s,uj,cp). 

Here A*{s,(p) is a kind of “completed L-function of <p” which we now 
define. Assume A(1 — A) is the eigenvalue of the Laplacian A = + 

-^) for (p. When (p is a constant or unitary Eisenstein series, A*{s,<p) 
factorizes: 

(A. 8 ) A*(s, cP) = A{2s - A, C)A( 2 s - (1 - A), C) 

where A{s,CP) = 7 r“ 2 F(|)(^(s) is (up to normalization) the completed Rie- 
mann zeta function. When (p is a Maass cusp form, A*(s, (p>) = A{2s — ^,(p). 
Where A{s,(p) is the usual completed L—function of (p (we use the fact that 
(p is even): 

{A.9) A(», 0) = 1 - i)r(i - 1 + l)L(s, 0). 

With only the analytic properties stated in Theorem A.4, we cannot ex¬ 
pect to get a good control of the size of each individual term | |. However 

we can get an “average bound” for the sum of On. Next we will show one 
such bound. 


INTEGER POINTS AND THEIR ORTHOGONAL LATTIGES 


19 


We prove the following: 

Theorem A.5. 

(A.IO) 

E = (Area(§ 2 ) (yAreaiX^) L, '^) 

Obviously, the product of the integrals (main term) in (A.IO) is nonzero 
if and only if both oj and (p are trivial. 

Proof. We fix w, 0 from the beginning. By lattice points counting, the the¬ 
orem is obvious when oj and 4 > are trivial. Next we assume that this is not 
the case. To be explicit, let’s assume 0 is a Maass cusp form. Other cases 
are similar. We invoke a theorem, which is a general bound about sums of 
coefficients of Dirichlet series. We state the theorem in the form we need. 


Theorem A. 6 (A special case of Theorem 4.1 in [CN62]). Assuming we 
have two Dirichlet series f{s) = ^ oi^) — ^ ® prod¬ 
uct of Gamma factors A(s) = r(aiyS -|- (dp), satisfying the functional 

equation 

(A.ll) A{s)f{s) = A{M-s)g{M-s) 


for some M > 0. Also assume f is entire. Then 

(A.12) ^c„ = 0(Af-4T+2A.«) + 0( ^ IcJ). 

n<X X<n<X' 


In (A. 12), A = 
where /3 satisfies 


> 1, X' = X + OiX^-^-^), u = 

< oo, 7] is any positive number at our disposal. 


Take f = g = E{s,I,oj,4>)L{2s — \,4>). Maass proved E{s, I,uj,4>)L{2s — 
^,4>) is entire [Maa71], which enables us to do the substitution. We see 
here M = |. By Theorem A. 4, E{s, I,uj,4>)L{2s — ^,4>) has a functional 
equation with two Gamma factors, meaning A = 2. Finally we determine 
13. Assume L{s,(j)) = Then L{2s - ^,(p) = Hence 

\cn\ = \dn\ < Ylm^k=n\'^k\\bm\V^ < We Can take 

/3 = I -|- e and thus a = | -|- e. 

We conclude that YhnKX^n = + 0 (At+^“^). After an 

optimization we get Yln<x = 0{X^+^). Now if = Y.n=i ^om 

the Euler product of L[s, cp) we easily get \hn\ n 2 . Hence 


(A.13) 

I E “"I ^ I E E Cm| < I ^ |hn|Vra(;^)^+^| < A^+F 

n<X n<X mn'^<X n<X 


□ 
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We end the discussion with some further remarks concerning this ap¬ 
proach. All the dependencies on cj and (p are polynomial in terms of their 
eigenvalues and can be made explicit by a slightly more careful treatment. 
It is then standard to do a spectral decomposition (of the smoothed char¬ 
acteristic function of the underlying domain) and take the Weyl law (see 
[Sel91]) into account, to get an estimate of the remainder term needed for 
the joint equidistribution result “in a big ball” — pairs (||^; -^v) get jointly 
equidistributed for ||v|| < n when n —>• oo. We can also get the joint 
equidistribution “in a thinner shell” (for some < ||v|| < X) where 

6 > 0 depends on the remainder term we have. But the conjectured joint 
equidistribution result “on every sphere of a reasonable radius” (Conjecture 
1.1) requires new ideas. 

This type of (quantitative) bounds for the remainder term of the averaged 
size of an were also obtained by elementary methods by Schmidt [Sch98], in 
more general cases. Our approach will also have corresponding generaliza¬ 
tion for higher dimensional settings. 
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